Theor Chim Acta (1995) 90: 421439 Theoretica
Chimica Acta

© Springer-Verlag 1995

Orbital connections for perturbation-dependent
basis sets

Jeppe Olsen', Keld L. Bak?, Kenneth Ruud®, Trygve Helgaker®, Poul Jorgensen*
! Theoretical Chemistry, Chemical Centre, University of Lund, P.O. Box 124, §-22100 Lund, Sweden
2 Department of Physical Chemistry, University of Copenhagen, DK-2100 Kebenhavn @, Denmark
3 Department of Chemistry, University of Oslo, N-0315 Oslo, Norway

4 Department of Chemistry, Aarhus University, D-8000 Aarhus, C, Denmark

Received May 31, 1994/Final version received September 12, 1994/Accepted September 26, 1994

Summary. The use of perturbation-dependent basis sets is analysed with emphasis
on the connection between the basis sets at different values of the perturbation
strength. A particular connection, the natural connection, that minimizes the
change of the basis set orbitals is devised and the second quantization realization of
this connection is introduced. It is shown that the natural connection is important
for the efficient evaluation of molecular properties and for the physical interpreta-
tion of the terms entering the calculated properties. For example, in molecular
Hessian calculations the natural connection reduces the size of the relaxation term,
leading to faster convergence of the response equations. The physical separation of
the terms also means that first-order non-adiabatic coupling matrix elements can
be obtained in a very simple way from a molecular Hessian calculation.
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1 Introduction

Molecular properties defined as energy derivatives can be calculated efficiently
using physically motivated perturbation-dependent basis sets (PDBSs). With such
sets, the basis set limit can be approached much faster than with basis sets that are
independent of the perturbation. The two most common situations where PDBSs
are encountered are in calculations of potential energy surfaces, where the atomic
orbitals are clamped on the nuclei [1--3], and in calculations of magnetic properties
using London atomic orbitals [also known as gauge invariant atomic orbitals
(GIAOs) [4-8].

In PDBS calculations the basis set changes as the perturbation is turned on.
This creates complications in the sense that it is not obvious what particular set of
orthonormal orbitals should be used to represent the basis set at different values
of perturbation strength x. In fact, at each x there exists an infinite number of
orthonormal sets of orbitals. These sets are equivalent in the sense that they span
the same orbital space, and they are all related through unitary transformations.
However, in order to carry out the differentiation and calculate the properties, we
must select exactly one such orthonormal set of orbitals for each value of x. In this
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way we establish a one-to-one correspondence between orthonormal orbitals ,,
at different perturbation strengths. Such a one-to-one correspondence between
orthonormal orbitals at different values of x is called an orbital connection [9].

An infinite number of orbital connections can be defined. The molecular
properties are of course independent of the choice of connection. However, differ-
ent connections shift contributions among the various terms entering the expres-
sion for the molecular property. This may create numerical problems and also
clutter the physical interpretation of the individual terms. For example, in calcu-
lations of magnetic properties the choice of connection affects the paramagnetic
and diamagnetic terms in such a way that the total property is unaffected [10]. The
paramagnetic term is obtained by solving a set of linear equations to some
prescribed numerical accuracy, and it is therefore most efficient to use connections
where this term becomes as small as possible. All connections currently used have
large paramagnetic contributions, and much effort is thus wasted by evaluating
a large paramagnetic contribution that is nearly cancelled by a large diamagnetic
term. Indeed, for large molecules the two contributions can become so large that
the calculation of magnetizabilities becomes numerically unstable. Similarly, in
calculations of the Cotton—-Mouton effect, where the second derivative of the
magnetizability with respect to an electric field is calculated, the standard choice
of connection gives such large paramagnetic contributions that the calculated
Cotton—-Mouton constants become numerically unstable for large basis sets [10].

These problems may be avoided completely by a judicious choice of orbital
connection based on physical principles. In the natural connection introduced in
this paper, the above numerical problems are eliminated and it also becomes
possible to give the diamagnetic and paramagnetic contributions a physical inter-
pretation. For example, in the evaluation of magnetizabilities using the natural
connection, the paramagnetic contribution includes only terms strictly related to
the relaxation contribution, originating from the second-order energy contribution
with the angular momentum operator as perturbation operator. The resulting
paramagnetic term may therefore for example be used to calculate the paramag-
netic contribution to the g rotational factor. This is not true for other connections.
Our formulation allows, however, the identification of the true paramagnetic term
also for a general connection.

We discuss in this paper the dependence of the creation and annihilation
operators on x and describe the simplifications introduced by using the natural
connection. We further examine the second-quantization Hamiltonian for PDBS:s.
In the limit of a complete basis, this Hamiltonian reduces to the one used in
calculations with ordinary perturbation-independent basis sets. This Hamiltonian
can therefore be used in time-dependent response function calculations, and fre-
quency-dependent molecular properties can be determined using perturbation-
dependent basis sets. Transition matrix elements can be obtained from the residues
of the frequency-dependent response functions. The presented derivation allows
the first rigorous derivation of frequency-dependent response functions and their
residues using PDBSs.

In the subsequent paper we apply this development to determine the rotational
strength in electronic circular dichrosim using London atomic orbitals. The rota-
tional strength is obtained as the residue of the electric dipole-magnetic dipole
linear response function, and is shown to be gauge-origin independent. Other
examples where it is advantageous to use the natural connection is for the
calculation of the non-adiabatic coupling matrix elements. These can actually
be extracted in a very simple way from a molecular Hessian calculation when the
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natural connection is used. In a molecular Hessian calculation the size of the
relaxation contribution is also reduced when the natural connection is used, thus
improving the convegence of the response equations. Molecular Hessian can
therefore be obtained more efficiently with the natural connection than with other
connections. We return to these points in later publications.

In the next section we discuss different choices of orbital connections and
introduce the natural orbital connection. In Sect. 3 we describe the creation and
annihilation operator dependence on the PDBS and derive the operator realization
of the orbital connection. In Sect. 4 we describe the simplifications that occur in the
evaluation of overlap and matrix elements when the natural orbital connection is
used. In the last section we discuss in more detail the implications of using the
natural connection in molecular property calculations.

2 Orbital connections

We assume that the atomic basis functions depend on a vector of external
parameters x. The vector x will in general contain several components, but for
notational convenience the individual components of x are not referenced
explicitly. For each value of x we have a set of atomic basis functions y,(x) and a
basis of orthonormalized molecular orbitals (OMOs).

lpm(x) = Z Xu(x)cum(x)- (1)

The Hamiltonian and wave functions can be expanded in these OMOs, and we
may then proceed to optimize the wave function and the orbitals. Thus, the OMOs
are in general not identical to the final optimized molecular orbitals at x. However,
we do require that the OMOs become identical to the optimized molecular orbitals
for the unperturbed system (x = x,):

Omlxo0) = ). 1u(x0) Cin)- @
To accomplish this we introduce a set :)f unmodified molecular orbitals (UMOs)
Om(x) = 2 2u(x) CL31. 2
In general, the UMOs constitute a nonu-orthogonal basis set
Sn(X) = {Pm(X)| Gn(X)> # Gpun- )
Provided the overlap matrix § is non-singular, the OMOs may be written as
Ym(x) = ‘é $n(X) T (5)

where the matrix T fulfils the requirement
THx)S(x)T(x) =1 (6)

By requiring that T'(xo) = 1 we ensure that the OMOs reduce to the UMOs at x,.
In the following we will usually omit the argument x except for the unperturbed
system x = Xg.

The above conditions are not sufficient to determine T uniquely. By rewriting
Eq. (6) as (SY2T)"(SY2T) =1 we see that ST must be a unitary matrix.
Therefore, the number of undetermined parameters T {ulfilling Eq. (6) equals the
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number of independent parameters in a unitary matrix. Any unitary matrix can be
written as exp( — x) where  is an anti-Hermitian matrix. For real orbitals and real
matrices, a unitary matrix has n(n — 1)/2 independent parameters, and for complex
orbitals and matrices there are n® undetermined parameters. Here n is the dimen-
sion of the basis set. In order to define the OMOs uniquely we must therefore
supplement Eq. (6) with n(n — 1)/2 and n? additional equations for real and
complex orbitals, respectively. The choice of these equations thus establishes
a one-to-one correspondence between the unperturbed molecular orbitals at
X0 and the OMOs at x. Such a one-to-one correspondence between sets of orbitals
at different x is called an orbital connection, and the matrix T that determines this
connection is referred to as the connection matrix.

From the above discussion we notice that if T fulfils Eq. (6), then for all other
choices of T’ fulfilling Eq. (6} can be generated as

T =TU, O

where U is unitary. As expected, the specification of U requires n(n — 1)/2 and »n?
independent parameters for real and complex matrices, which is identical to the
number of equations that must be supplemented to Eq. (6) in order to specify
T uniquely.

A simple way to establish the connection is to make some parts of 7 vanish. The

Gram-Schmidt orthogonalization procedure corresponds to setting
TR . =0, m>n,
T{nn = O, m 2 n’

(@)

where we have written T as a sum of a real and an imaginary part T = TR +iT".
Although the Gram-Schmidt connection has been used in calculations [11], it
lacks physical motivation. In particular, even in cases where y,(x;) and y,(x) span
the same space, the OMOs i,,{x,) and y,,(x) will differ. This introduces unphysical
terms when operators are expanded in the OMO basis. We return to this point
later.

We now consider a group of connections where we augment Eq. (6) with the
requirement that the functions ¥/,,(x) should be as similar as possible to some set of
target functions f,,(x). In analogy with Murrell [12] and Carlson and Keller [13]
we therefore require that T minimizes the difference measure

209 =T 1) = ¥m(?
=Y om0 = V(S () — Y ()
= § [<n @)1 (93 + 13 = X LnENn)) + Wnf(]
= Z [ S fmX)> + 1] = Z[ WT ) + (W T )yn] ©)

where we have introduced the matrix

mn(X) = (S ()] @u (X)) (10)

We assume that W(x) is non-singular.
The first-order change in & (x) with respect to changes in T (x) can be written as

59D (x) = —Z[(W&T)mm (WOT)!n]. (11)
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Using an exponential parametrization of the unitary variation of 7, we obtain
0T=To6U= — Tk, (12)
where « is anti-Hermitian. Inserting this expression in Eq. (11) we obtain
SD(x)=Tr[(WT)k — x(WT)']
=Tr[(WT)— (WT)]x. 13)

The matrix k can be written as & = k® + ix!, where x® is a real antisymmetric
matrix and k' is a real symmetric matrix. Expansion of the variations in terms of
the independent parameters of x® and ' gives

8D(x)=Tr[WT - (WT)'IkR +iTr[WT — (WT)']x!
=Y [WT)pw— (W)} — (W), + (W), IxR,

F1Y [T )y — (WT)hw + (WT )y — (WT) 11k,
+ S LTy — (W) ] . (14)

Requiring that the first-order change in £ vanishes for any choice of x® and k', we
obtain the Hermiticity relation

WT=T'W'. (15)
In order to obtain a closed expression for T we first write
T=Ww'M. (16)
Inserting this expression in Eq. (15), we find that M must be Hermitian:
M=M"' (17)

The Hermitian matrix M may now be determined by inserting Eq. (16) into the
orthogonality relation (6). We obtain

MWHY ISW IM=MWS 'WH) 'M=1, (18)
which has the solutions
M= + (WS twhHi2 (19)
and therefore
T=+W (WS ‘whi2 (20)

We have thus identified two choices of T that correspond to stationary points of &.
Since we require T'(x,) = 1, we choose

T=W YWws twhi?2 (21)

It can be shown that this choice corresponds to a minimum, while
T= — W L(WS W2 maximizes 2.

By choosing different target functions, different connections can be generated. If

we require the OMOs ¥/,,(x) to be as similar as possible to the UMOs ¢,,(x) we set
f(x) = d(x). For this choice of f,,(x), W =8, so Eq. (21) reduces to

T=S8"1'2 (22)



426 J. Olsen et al.

This yields a symmetric connection matrix T and it is therefore called the sym-
metric connection. This connection can also be obtained directly from Eq. (6) by
requiring 7 to be symmetric. However, the symmetric connections has — just like
the Gram—Schmidt connection — no physical significance since OMOs are obtained
using the unphysical UMOs as target functions. In particular, the OMOs ,,,(x,)
and ,(x) differ even when the basis sets span the same space. The symmetric
connections has been used by a number of workers [14-16].

A more useful connection is obtained by requiring the basis functions ,,(x) to
be as similar as possible to the unperturbed molecular orbitals at xo. The target
functions are then given by f,,(x) = ¢.(X0) = ¥..(x0) and the matrix W reads

Wmn = <¢m(x0)|¢n(x)>> (23)
so the matrix we require to be Hermitian is
Amn = (WT)mn = <‘//m(x0)|wn(x)>a (24)

This connection minimizes the change in the basis functions going from x4 to x. In
particular, we may show that if the two sets of basis functions y,,(x,) and y,(x)
span the same space, we obtain /,,(x) = ¢,,(x,), so that the OMO functions do not
change. This is a very desirable feature, which is only obtained with this connec-
tion, and we will therefore refer to this connection as the natural connection. To
see this, we use the above assumption to expand the UMOs at x in terms of the
UMOs at xg:

¢m(x) = Z ¢n(x0)an~ (25)

Note that the matrix L (x) is not unitary since the UMOs at x are non-orthogonal.
The matrices W and S can be written as

Wnn = <4)M(x0)l¢n(x)> = Lmn;
smn = <¢m(x)|¢n(x)> = (LTL)mn;

so the connection matrix Eq. (21) becomes T = L™, and the expansion in terms of
UMOs is

(26)

lxbm(-x) = Z (f),,(X) T,
= Z ¢p(x0)(LL - 1)pm
= ¢m(x0)

for a complete basis. For finite basis sets, the natural connection also has some
unique features. Consider the projection of ,,(x) onto the space spanned by

l/’m(xo):

(27)

YE(X) = 3 Ya(x0) Yn(Xo) Wrm(x)
=3 Ynlx0) dum(x). (28)

Through first order in dx = x — x, we obtain

Ym(x) = Ymlxo) + X Yalxo) [% Anm(x):|5x + 0(8x?). (29)
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Since the matrix 4 is Hermitian for all x, the matrix (6/0x)4 is also Hermitian.
But from the orthogonality relations (i, (x)|{.(x)> = 0, it follows that (6/0x)4 is
anti-Hermitian. The matrix (8/0x)4 must therefore vanish:

0 0
[5 Am<x)] - <wm(xo) =

. zp,,(x)> =0 (30)

and we see that to first order in the perturbation the projected differentiated OMOs
are identical to the unperturbed orbitals

Ym(X) = Ym(xo) + O(0x%). (31)

The natural connection thus ensures that the OMOs for a general x are as similar
as possible to the corresponding unperturbed orbitals. It will be shown in Sect.
4 that this ensures a physically reasonable expansion of the operators used to
calculate derivatives of molecular energies and properties. In order to use the
natural connection in the calculation of derivatives of wave functions and proper-
ties, it is necessary to obtain derivatives of T. The first and second derivatives of
T are given in Appendix A.

3 Second-quantization representation of connections

For our discussion of second-quantization operators [17—19] it is convenient to
introduce a complete orthonormal orbital space, consisting of the finite set of
OMOs and an associated orthogonal complement set of orbitals. In the following
we will refer to the orbitals spanning the complement as the orthogonal com-
plement orbitals (OCOs). We distinguish these orbitals by using indices m and n for
the OMOs and u and v for the OCOs. Indices p and g are used for unspecified
orbitals belonging to either the OMO space or its complement. An arbitrary
orbital may now be expanded exactly in these orbitals:

¢ = Z CpYp(x) = Z Cmim(X) + Z (). (32)

In particular, complete orthonormal basis sets at different x are related by a unitary
transformation

() = 2 Wy (x0) Ugp (), (33)
where ’
Ut U(x)=Ux)U(x)=1. (34)
An explicit parametrization of the unitary matrix U(x) is given by
U(x) = exp[ — b(x)], (35)
where b(x) is an anti-Hermitian matrix
b (x) = — b(x). (36)

From Eq. (36) we see that there are P? independent parameters in b(x), where P is
the dimension of the matrix. We may for example choose the complex numbers
below the diagonal and the imaginary numbers on the diagonal as the free
parameters. The remaining elements are obtained from Eq. (36).
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Analogously, we may now expand the creation and annihilation operators at
x exactly in terms of the operators at xg:

a}(x) = Za (x0) Ugp (%), (37)
(x) =Zaq(x0 Uk (x). (38)

An operator representation of the unitary transformation of the creation and
annihilation operators can be written in terms of the unitary operator U(x) (see for
example [207]):

ah(x) = U(x)a}(xo) U (x), (39)
a,(x) = U(x)a,(x0) U(x), (40)
where
U(x) =exp[ — b(x)], (41)
5 Z bpq p(XO (xo) (42)

and the parameters b,,(x) are the elements of the anti-Hermitian matrix &(x). This
unitary operator may then also be used to carry out unitary transformations of
occupation number (ON) vectors in Fock space:

IN () = UIN (x0)>- (43)

The purpose of this section is to study the form of the anti-Hermitian operator b(x)
corresponding to the unitary transformation of OMOs at different values of the
perturbatlon strength x. We will not derive an explicit form for b(x), rather we are
interested in the expansion of the operator around x,:

I;(x) = 5O 4 pWsy +%5(2’5x2 ¥ o, (44)

where
b = Zb”" 1(x0) a4(x0). 45)

Once the detailed form of this expansion is known, we may calculate the unitary
operator U(x) to a given order and carry out the associated transformations of
operators and states given by Egs. (39), (40), and (43).

Differentiating Eq. (35) and identifying terms to the same order in x, we obtain
to second order:

b =0, (46)
= U“), (47)
bW = — U + yWym, (48)

We have here used the fact that for the unperturbed system
Ulxo) =U® =1 “9)

to simplify the expressions. Thus, the perturbed operator given by Eq. (44) may be
calculated from the derivatives of the unitary matrix U(x).

Differentiating the unitary condition given by Eq. (34), we find that the
Hermitian part of the nth derivative of the unitary matrix may be calculated from
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lower-order derivatives. In particular, for first and second derivatives we obtain

W Lyt

Ul = —— = 0, (50)
@ 4 gt

U@ = _U____i;_]_ =UVyW, 1)

where the subscript H indicates the Hermitian part of U. The first derivatives of
unitary matrices are therefore anti-Hermitian. Using Eq. (51), we may now write
Eq. (48) in the following two equivalent ways:

p¥ = @ + Uy

52
_%[U(Z)_U(Z)T]:UA(‘Z)’ ( )

where the subscript A indicates the anti-Hermitian part of U. The last expression
displays more clearly the anti-Hermitian nature of the matrix ‘%, Of course, by
differentiating the anti-Hermitian condition given by Eq. (36) we see that 5™ is
anti-Hermitian to all orders.

Before considering the detailed form of the first and second derivatives of the
operator b(x) we note that the matrix b(x) may be partitioned in blocks corres-
ponding to the OMOs and OCOs:

_[Fx) —-6G'(»
”("){G(x) K } )

To first order in Eq. (35), F(x) describes transformations among the OMOs, K(x)
describes transformations among the OCOs, and G{(x) corresponds to transforma-
tions mixing OMOs with the OCOs. Since we are not concerned with internal
transformations among the OCOs, we may simplify our expressions by requiring

Kix)=0 (54)

for all values of x. This choice does not in any way restrict our freedom in
describing the OMOs, as can be shown by group theoretical arguments.

Further simplifications arise for the natural connection. The unitary matrix
U(x) may be written in the following blocked form:

0=y 53
where
A (x) = rm(x0) [Walx) ), (56)
Dun(x) = ulxo)l¥rn(x) 7, (57)
(%) = (rm(X0) [Wo(x) D, (58)
Q0 (x) = Pu(xo) 1P u(x) . (59)

For natural connections A{x) is Hermitian and we may also require £(x) to be
Hermitian:
ncAT — ncA’ (60)

Qb = reQ, (61)
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where the upper left superscript nc indicates the natural connection. As discussed in
Appendix B, a unitary matrix with Hermitian diagonal blocks may be written as
the exponential of an anti-Hermitian matrix with zero diagonal blocks. Thus, for
the natural connection we may write

e [0 -6k
b(x)—[ G 0 } (62)

To summarize, the anti-Hermitian matrix b(x) may be written in the form of Eq.
(53) with K(x) equal to zero. For the natural connection F(x) vanishes [Eq, (62)].

We now return to the problem of evaluating the derivatives of the b(x) in
Eq. (42). The first derivative is given by

S (x) = Zb(l) 1(X0) @a(xo) +Zb(1) 1 (x0) an(xo) ‘*‘me 1(xo0) au(xo), (63)

where we have used the fact that K(x) vanishes to all orders to simplify the
summation:
by = 0. (64)

From Eq. (47) we obtain
(1) = Z U(l)afn (x0)an(xo) Z U“’al (xo) an(xo) + Z b(l)* *(xo)a,,(xo) (65)
where we have also used the fact that U™ is anti-Hermitian. We now expand the

derivatives of the OMO creation operators in the unperturbed OMO and OCO
creation operators:

an® =} ay(xo) Upn. (66)
»p

It is convenient to decompose these derivatives in components spanned by the
OMOs and by the OCOs:

an? = al® + ap® (67)
where

a, ¥ —Za (x0) U fims (68)

an) = Z ay(xo) U G- (69)

The annihilation operators are partitioned in the same manner. We may now write
Eq. (65) as

v — _ T alMa® —Y allta® + Y al®t el (70)
We see that the first derivative of the anti-Hermitian 5 operator may be written as
sums over undifferentiated and differentiated OMO creation and annihilation
operators.

Equation (70) is quite general and we have made no assumptions about the
connection. In the natural connection, the OMO-OMO block of b(x) vanishes and
we have the following simplification:

ncUgnln)=O = ncafnll)fzo (71)
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and hence
pW = — Yl a® + ¥ " all] )
m m

Thus, in the natural connection the only surviving terms are those mixing OMO
orbitals with their projected derivatives in the orthogonal complement.
We now turn to the second derivatives, which may be written in the form

5(2)=Zb<2) m(%0)as(xo) + 3. bun'al(xo) (o) + T b)al (xo) ay(xo). (73)

We use the following identification:
b= —3[UR-UX]

b = =UR+ LU UL 4
p

= -UR+YURUL (75)

bl = — b =UL =Y URUL. (76)

Here Eq. (74) follows directly from Eq. (52), while Eq. (75) follows from Eq. (52) and
from the relationship

U=~ b =0 n

and in Eq. (76) we have used the fact that U! is anti-Hermitian [see Eq. (47)].
Inserting Eqgs. (74)-(76) into Eq. (73) we obtain

~ 1 .
b@ = -—22 U@al(xo)an(xo) + = ZUL%..) n(%0) an(xo)

mn

Z U al(xo)an(xo) + Z U‘Z" *(xo0)a,(xo)

+ ¥ URUSG (ko) anlxo) — T, URU R (xo)a o) (78)

umn umn

We now introduce the derivatives given by Eqgs. (68) and (69) and obtain
po — _ Z a<2)+a<0> +lz a©tg@)
2 - m "
Za(zn ©) Za“’” 2)
Za(l)f &) +Za”” W (79)

Again, the operator is expressed entirely in terms of OMOs and their derivatives.
For the natural connection, many of the terms vanish because of Eq. (71), and we
obtain the simple expression

ne f(2) — Za(zn © 4 Za(O)T (2) (80)

which may be compared with the analogous expression for the first derivative given
by Eq. (72).

In the expressions developed for the derivatives of b(x) there is no explicit
reference to the OCOs. Indeed, no such information is ever needed, since in actual
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calculations the b(x) operator is always sandwiched between bra and ket states and
we only need to be able to determine the anticommutators between the creation
and annihilation operators entering b(x). For example, in the natural connection
the only new non-vanishing anticommutators that arise to first order in the
perturbation are those between the projected creation operators alt)' and the
projected annihilation aft) operators. These are easily obtained as

Lanl, aid]s = Palivid), (81)

where we have introduced the projection of the differentiated OMOs onto the
orthogonal complement:

Yol =¥ — L (o) Ul (82)
Inserting this expression into Eq. (81) we obtain
[atl, ald]s = YRy — [ADT 4], (83)
which for the natural connection simplifies to
["eaGl, "a? ]+ = il (84)

since the first derivative OMOs have no projection in the unperturbed OMO space.

4 Overlaps and matrix elements

In this section we first examine overlaps between ON vectors at different values of
x and show how the connection operator U can be used to obtain the results in
a straightforward manner. Next we analyze the perturbation dependence of sec-
ond-quantization operators and expectation values. Consider the overlap between
two ON vectors at the same x:

(NRIM ()Y = (N (x)| T [M (x0)}
= (N (x0)| M (x0))- (85)

Hence, the perturbation dependence of the matrix element disappears. Consider
now a matrix element (N (xo)|M(x})> where only |M(x)) depends on x. In the
natural connection we obtain

(N (3%0)| M (%)) = <N (x0)| U| M (xo))
= (N (x0)| M(x0) — (N (x0)] BV M (x0)y 6x
— 3 [{N (x0)| B |M (x0))
— (N (%) BVED M (x0)>]0x* + 0 (5x7)
= (N (x0)| M (x0)>

——Z<N (Xo) | am(Xo)a) afl) a,(xo)| M (x0)> 3x* + 0(0x%)
= (N (x0)| M (x0)>

= S (N (o)l (o) aa (o) | M (x0) [, a2 5% + O(65%).
mn (86)
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To obtain Eq. (86) we have used the fact that the expectation values of 5V and 5@
given in Egs. (72) and (80) vanish. For the natural connection, the first derivatives
vanish,

= 0, (87)

X =Xxq

2 NI ME)
X

and the second derivatives are
2

0
N ) M9 = = 5 Nkt M) {22

O

. (88
= > (88)
Equations (87) and (88) can be used to obtain the contribution from the perturba-
tion dependence of the creation and annihilation operators to non-adiabatic
coupling matrix elements [21]. We note that this contribution vanishes for first-

order non-adiabatic coupling matrix elements in the natural connection. Matrix
elements {ON(x)/0x|0M(x)/0x) can be similarly be obtained as

< ON(x)| M (x) >

2SR ) = — 2N (o) BB M(xo) )

- 23 VGalablanion s (22| )
Such matrix elements are for example needed for the evaluation of vibrational
circular dichroism (VCD) tensors [22]. If a general connection had been used, the
above expressions would become significantly more complicated.

Equation (87) reflects an important property of the natural connection: the
projections of the ON vectors in the space spanned by the unperturbed orbitals do
not change to first order in the perturbation. Since our molecular orbital basis is
finite, we cannot hope to make the ON vectors independent of the perturbation.
However, we do have some freedom in choosing our basis set at x, and in the
natural connection we use this freedom to make the changes in the ON vectors as
small as possible as secen from Eq. (87).

We next examine operators and expectation values for PDBSs, and their de-
pendence upon connections. For simplicity we will restrict our attention to one-
body operators. The generalization to two-body operators is straightforward. The
first-quantization one-body operator h°(x) has the representations h(xo) and A(x)
at x and xg:

B(x0) = Y. Bn(x0)ah(xo0) an(xo),

= 3 hun(X)a(x) ay(x). 0
Here h,,,{x) are the integrals over the OMOs i, (x):
) = [ 0) o1)

and h,,(xo) are the integrals over the OMOs ¥,,(x,).

The operator h(x) depends upon x through the OMOs y,,(x), through the
explicit dependence of the operator h°(x), and through the creation and annihila-
tion operators a},(x) and a,(x). In the limit of a complete basis, the x dependence of
the OMOs y,,(x) must cancel the x dependence of the creation and annihilation
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operators aj,(x) and a,(x), leaving only the explicit x dependence of the first-
quantization operator #°(x). This can be demonstrated as follows. For a complete
basis we may use the unitary expansions given by Eq. (33) for the orbitals and Eqgs.
(37)and (38) for the creation and annihilation operators. Inserting these expansions
in Eq. (90), we obtain

Z[ Z U J‘wm (XO) X)lp (xo)dT Un n:| Z aIn”Um”man"U;tk"n

m,n m"n"

e Y [UU e [UU e j Uk Geo) (9 a(xo) dr ey

T f U (X0 h()¥n(xo) dt ey 92)

which gives us the required result

) = 3 [Vl ) ) ). )
Comparing this expression with Eq. (90), we see that for a complete basis set at the
perturbation dependence of the OMOs and the creation and annihilation oper-
ators cancel out.

In calculations of derivatives of the electronic energy or/and electronic proper-
ties, the operator and the wave functions all refer to identical values of x so the
involved matrix elements are

(N )M (X))

2 hn(X)KN (x)] 0], (¥)an ()| M (x)

m,n

Y M ()N () T (%) U (x)al(36) U (%)

I

x U (x)an(x0) U (x) U (x)] M (xo))- (94)
From this we conclude that the transition expectation value may be calculated as
NEAEIM (X)) =Y, hun ()N (x0)| @ (x0) s (x0)| M (x0) > (95)

For the purpose of calculating adiabatic expectation values and transition expecta-
tion values, we may thus neglect the perturbation dependence of the creation and
annihilation operators as well as the ON vectors. This is the case, for example, in
the calculation of molecular gradients and Hessians, shielding constants, and
magnetizabilities. For such adiabatic properties we may consider

Uth(x)U = z Fonn(%) @ (X0) (X0 ) (96)

an effective operator to be used with the ON vectors | M (x,) ). It should be noted,
however, that the operator U*h( )U does not have any physical significance
except when sandwiched between unperturbed ON vectors. For example, although
the operator h(x) is independent of the choice of connection, the transformed
operator U 'h(x) U is not connection-independent. We will return to this aspect in
the next section.

In derivative theory, the operators are expanded in orders of x. The expansion
of the full operator h(x) and the operator with perturbation dependence



Orbital connections for perturbation-dependent basis sets 435

only through the integrals, Uth(x)U, can be written as
h(x) = h(xo) + h™"6x + 4 h'? 6x 6x,
Uth(x)U = h(xo) + AV 6x + 3 AP 6x6x. 97)

The operators i™ are independent of connection and will in the limit of a complete
basis become

~ o"h(x

= 3 [axa) 50 but) de b so)ento) o9
The operators h(n) depend upon the actual connection and will in general not be
given by the right-hand side of Eq. (98) in the complete basis set limit.

5 Response properties

To illustrate how connection-dependent terms occur in derivatives of energies and
how the true static and response terms can be obtained, we will consider time-
independent response theory for variational wave functions. We assume that for
X = X, a proper optimized wave function |O(x,)) is given, and write the wave
function for a general value of x as

10(0)> = exp[ — b(x)]exp[ — O(x)]|0(xo))- (%9)

The operator exp[ — b(x)] changes the OMOs, and the operator exp[ — @(x)]
changes the electronic parameters describing the wave function. For an SCF wave
function @(x) is an anti-Hermitian one-electron operator defined in terms of the
creation and annihilation operators at xg, allowing optimization (relaxation) of the
molecular orbitals. For a CI wave function ¢(x) is an anti-Hermitian operator
allowing relaxation of the CI coeflicients. Wave functions where orbitals and CI
coefficients both relax requires a double exponential formalism which is a trivial
extension of the following.

The parameters of exp[ — 0(x)] are expanded in powers of dx and are deter-
mined by requiring that the following energy is stationary:

E(x) = O HX)0(x)>
= {0(xo)|exp[0(x)]exp[B(x)] H(x)[ — b(x)]
xexp[ — 0(x)110(xo)), (100)

where H (x) is the perturbatlon dependent Hamiltonian. It is convenient to con-
sider exp[b(x)] H (x)[ — b(x)] to be an effective Hamiltonian, since the creation
and annihilation operators then become perturbation- independent This corres-
ponds to moving a part of the wave function response into the Hamiltonian
operator. We will soon return to the consequences of this. Expandmg exp[b(x)1H(x)
[ = b(x)] according to Eq. (97) gives through second order in x

E(x) = {O(xo) |H|0(x)>
+ <O(x) [H™V[0(xo) ) 6x
+ (€O(x0) |H®|0(x0)>
+ <0(x0)| [0, HD]O(x0))
+3{0(x0)| [0V [0P, A1]]0(x0))) 6x6x.  (101)
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In the above expansion we have used the fact that |O(x,)) is optimized with re-
spect to variations of ¢ and assumed the Brillouin conditions {O(x,)|
[al,(x0) ay(xo), H 110(x)> = 0 to simplify the terms. The first-order terms do not
include any contribution from wave function changes. The second-order terms
contain the static term <{O(x,) |H @] 0(x0))> and a response term arising from the
first-order correction to the wave function.

The above separation of static and response terms is with respect to the effective
Hamiltonian exp [5(x)] H(x)[ — b(x)] . As discussed above, this operator contains
a part of the wave function response and does not correspond to any physical
perturbation. This rearrangement does not change the total second-order energy,
but for cases where the static and the response terms each have a physical
interpretation it is very useful to have a formalism where the true static and
dynamic terms can be correctly obtained. This is achieved by using the physically
correct Hamiltonian H(x). Repeating the above derivation for this partitioning of
wave function and Hamiltonian one obtains the true static contribution to a
second-order energy as {0 (xo)| H'*1|0(x,), where H!is the second-order expan-
sion of A (x). From Eq. (97) we obtain the relation between the true static term and
expectation values of H" and H®:

CO(xo) [H™]0(x0)> = O (x0) | H?|0(x0))
— {O(x0)| [6®, H1|O(xo))
— 20(xo){ [B™, HD]10(x0))
+ <O(xo) [[6D, [FV H]1(O(xo)>- (102)

Assuming the Brillouin conditions are fulfilled, the term (O(xo)| (6@, A7 10(xo)>
vanishes. If the natural connection is_used <O(x, NIED, HDT0(x,)) is also
vanishing and the term {O(xo) |[6DV, [FYHT]|0(x0)) goes towards zero as the
basis set increases. In this sense does the natural connection allow us to identify
{O0(x0)| H®|O(x0)) as the static term. If other connections are used, one must
explicitly calculate all the terms of the left-hand side of Eq. (102) in order to obtain
the true static term and the corresponding true response term.

6 Discussion

Within the second-quantization response formalism, calculations of molecular
properties using PDBSs start by defining an orbital connection, i.e. a one-to-one
correspondence between sets of orthonormal orbitals for different values x of the
perturbation strength. An infinite number of connections can be constructed. This
freedom can be used to identify an orbital connection, the natural connection, that
gives a physical separation of the individual contributions to molecular properties.
Such a physical separation is not obtained with any of the other orbital connec-
tions. To be more specific, the modified Hamiltonian in Eq. (96) is the one that is
used in PDBS calculations of molecular properties calculations. This modified
Hamiltonian is connection-dependent and contains, in general, contributions from
basis set changes (the so-called reorthonormalization contributions) even in the
limit of a complete basis set. When the natural connection is used, these contribu-
tions vanish.

Consider, for example, the calculation of magnetic properties using London
orbitals. The full derivative of the Hamiltonian, dH/dB = A1) becomes the angular
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momentum operator in the limit of a complete basis, regardless of the choice of
connection. However, the operator A1), which is the one used in magnetic property
calculations, only converges towards the angular momentum operator in the
natural connection. The magnetizability is a sum of two terms, a static term
called the diamagnetic term (0(x, ) A®|0(x0)) and a response term called the
paramagnetic term {0(xo)V|HV|0(x,)> where |0(xo)> is the first-order
correction to the wave function. Only the sum of these terms is connection-
independent. By changing the connection one can move contributions from one
term to the other. In the natural connection, the paramagnetic term has a physical
interpretation since A converges towards the angular momentum operator.
For finite basis sets the true diamagnetic term can be obtained from Eq. (102)
and the true paramagnetic term can then be obtained as the difference between
the total magnetizability and the true diamagnetic term. In connection
with magnetic shieldings, various identifications of the diamagnetic term have
been suggested. Ditchfield [5] identified the diamagnetic term as the expectation
value of the operator in Eq. (98). While this is correct in the full basis set limit,
it is a dubious procedure for finite basis sets. Wolinski et al. [7] used the
expectation value of the second derivative of the operator in the primitive basis, i.e.
the second derivative of {y,(x) 1.(x)) as the diamagnetic term. This identi-
fication does not go into the correct limit when the basis set goes towards
completeness.

The physical interpretation of the paramagnetic and diamagnetic terms is
important as the paramagnetic term containing the angular momentum operator
represents electronic contribution to the g rotational factor. This electronic contri-
bution to the g factor can therefore be obtained rather straightforwardly with
London atomic orbitals if the natural connection is used. For a general connection,
the correction terms indicated in Eq. (102) must be calculated explicitly. The
paramagnetic term is obtained by solving sets of linear equations. Numerical
accuracy may therefore be lost if the paramagnetic term is large as may happen if
the orbital connection is not chosen carefully. The optimal choice of orbital
connection is of course the natural connection where the paramagnetic term does
not contain reorthonormalization contributions.

We point out that when the natural connection is used, the Hamiltonian in
Eq. (96) can be used to obtain time-dependent response functions and thus to
calculate frequency-dependent molecular properties and their residues using per-
turbation-dependent basis sets. In the subsequent paper we describe how the
rotational strength in circular dichrosim can be obtained as a residue of the electric
dipole-magnetic dipole frequency-dependent response function using London
atomic orbitals.

It should finally be noted that the original formulation of derivatives [23]
does not introduce an intermediate OMO basis; the response equations are
solved directly in the UMO basis. Working directly with the UMO basis does not
alleviate any of the problems analyzed above. In particular, the original
approach does not lead to a formalism where the true static and response terms
come out naturally, and it can therefore not be used for an analysis of these
terms.
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Appendix A
The equations defining the natural connection are
T'ST=1, (103)
WT=T'w"

In order to obtain analytical derivatives of wave function and expectation values it
is necessary to determine an order expansion of the connection matrix 7. The
explicit form of T [Eq. (21)] can be expanded directly, but it is simplrr to use the
above equations directly. By expanding T and W in orders of éx, the first- and
second-order equations become

TW + Tt +s(1) — 0, (104)
TW 4 = 7O 4 it
T@ L 7@t L g@ L artg® L a7ty 4 28D ) 0, (105)
TO L@ L O _ T@ L @t L a7 Wit
Using the fact that W@ + W1 = § @) the first-order term of T becomes

TW= —po, (106)
The second-order term is identified from Eq. (105) as
T@ = %S(Z) _%(W(Z)T _ W(Z)) + 2 D) + w (Ut ) (107)

Higher-order terms can be obtained in a similar way.

Appendix B

The exponential of an anti-Hermitian matrix with zero diagonal blocks can be
expressed as

0 —-M'\_[ -cos(d  —M'sin(B)B!
GXP([M 0 ]>—[Msin(A)A'1 cos(B) ] (108)

where the Hermitian matrices A and B are given by
A=(M"M)", (109)
B = (MM "2, (110

To obtain Eq. (108) we have used the Taylor expansions of the exponential, cosine
and sine functions. We see that the unitary matrix has Hermitian diagonal blocks
and that the off-diagonal blocks are the anti-Hermitian adjoints of each other since

Msin(4)4™' = — B~ 'sin(B)M. (111)

Moreover, any unitary matrix with Hermitian diagonal blocks may be written as
the exponential of an anti-Hermitian matrix with zero elements in those blocks of
the anti-Hermitian matrix in which the unitary matrix is Hermitian. This is in
agreement with the fact that 2PQ parameters, where P and Q are the dimensions of
the zero blocks, are required in order to describe an anti-Hermitian matrix with
zero diagonal blocks as well as a unitary matrix with Hermitian diagonal blocks.
To see the latter, recall that the number of parameters required in order to describe
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a unitary matrix of dimension P + Q is (P + Q). If we require the corresponding
diagonal blocks of the unitary matrix to be Hermitian, we must subtract P?
conditions for one of the blocks and Q2 for the other, giving a total of 2PQ
parameters.
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